Mathematical modeling of the source and environment response for the equation of geoelectrics
Method for solving inverse coefficient problems
The result of the GPR survey is a set of single traces (signals) recorded by the receiving antenna at each position of the GPR. To solve engineering problems, it is necessary to have the amplitude of the signal depending on the depth of its reflection, while the original radarogram is the dependence of the signal amplitude on the reflection time.
As you know, all radars can only record the time of reflection from the boundaries of objects or inhomogeneous media. On the other hand, it is a function of time or otherwise referred to as additional information (the response of the environment). This function is additional information for solving inverse problems, in our case determining the geological section. We present below the research methodology, which is one of the well-known methods for solving such problems.
The optimization method for solving inverse problems of electrical exploration is one of the most effective and widely used methods in practice.
The main ideas of the method were proposed by A.N. Tikhonov, M.M. Lavrentiev, V.K. Ivanov, G.I. Marchuk, A.S. Alekseev and many of their students and followers.
A. Bamberger, G. Ghavent, P. Lailly [1] used and investigated the conjugate gradient method to solve the one-dimensional inverse seismic problem. The essence of the method is to minimize the quadratic function of the discrepancy of observed and calculated fields. The application of the method to field data is given in the articles of A. Bamberger, G. Chavent, Ch. Hemon, and P. Lailly [2] . The method of least squares was also used to reverse the data obtained during the registration of seismic fields, see D.A. Cook, W.A. Schneider [3] , and W.W. Johonson, H.H. Nogami [4] .
In the article of G. Chavent, M. Dupuy, P. Lemonnier [5] the optimization method was applied to the problem of determining the distribution of magnetic permeability.
In the article by F. Santosa, W. Symes, G. Raggio [6] considered the problem of determining the acoustic impedance of a layered medium from reflected seismograms in which low-frequency components are small or are absent.
A wide range of inverse problems of geoelectric and numerical methods for solving these problems (including the optimization method) are presented in the monograph of V.G. Romanov, S.I. Kabanikhin [7] .
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For the numerical solution of inverse problems of geoelectric in layered and vertically inhomogeneous media, the method of conjugate gradients is applied in the article of K.T. Iskakov, S.I. Kabanikhin [8] .
The series of articles [9] [10] [11] [12] is devoted to experimental and numerical studies of solutions of the direct and inverse problem of non-linear diffusion associated with the process of drying of porous materials. The experiments were conducted by a team of authors in the laboratory of magnetic and spin phenomena of the International tomographic center SB RAS and the Institute of Catalysis SB RAS. The results of experimental and numerical studies are published in [9, 10] and problem statements and the development of algorithms in [11, 12] .
The complex includes an algorithm for calculating the concentration (direct problem) in the processes of drying (adsorption) of various porous materials (aluminium oxide, silica gel) containing liquid (water, acetone, etc.), adsorption of water vapor by selective water sorbents (silica gel or aluminium oxide, containing calcium chloride).
The results of numerical calculations of the solutions of the direct and inverse problems are in satisfactory agreement with the measurement data obtained experimentally.
The questions of the conditional stability of the inverse problem for the hyperbolic equation with Lipschitz constant depending on the depth, on the priori given norm of the unknown coefficient and the norm of the data of the inverse problem in space H 1 are reflected in [13] .
The Fourier collocation method for reconstruction of the source function F(x) depending on the spatial variable is developed and tested on model examples. The inverse problem of source identification depending on the spatial variable F(x) in the one-dimensional wave equation is considered. The connection between this problem and the problem of georadar data interpretation (GPR) is shown [14, 15] . Articles [16, 17] are devoted to visualization of the obtained data for subsequent interpretation and obtaining reliable information about underground geological environments, natural and artificial inhomo-geneities, anomalies, objects. Visualization of the processed data of GPR and the description of the program of processing of signals of GPR for interpretation of subsurface geological environments are given.
In [18, 19] an effective algorithm (layer-by-layer conversion method) for solving the inverse problem for the geoelectric equation in the frequency domain for the simultaneous determination of the dielectric permittivity and medium conductivity, as well as determining the boundaries of discontinuity is presented.
The differentiability of the discrepancy functional is shown with allowance for media interface boundaries. With this in mind, the well-known algorithm for layer-by-layer conversion is generalized. Based on the critical frequency, a range is set for which two functions can be defined simultaneously.
In [20] the questions of conditional stability, the solution of the inverse coefficient problem for the equation of geoelectrics are studied. To study stability, the initial inverse problem is reduced to a system of the second kind of Volterra integral equations. The class of correctness of solutions of the inverse problem and the class of input data is introduced. The estimation of the conditional stability of the solution of the inverse problem from the input data in the normal space H 1 is obtained.
In [21] , the residual functional for the numerical solution of the inverse problem for the equations of the theory of elasticity was investigated. The medium model is horizontally layered. The differentiability of the function of the discrepancy by the coordinate of the point of discontinuity of the medium for the equations of the theory of elasticity is proved. An explicit analytical expression for this derivative is obtained. This allows the gradient method to determine the coordinates of the gaps and the thickness of the layers.
Methods of estimation of various parameters of geophysical models were considered by D.W. Marquardt [22] , Y.M. Chen, J.H. Seinfeld [23] , G. Stoyan [24] and many others. Therefore, we note the review article of B. Ursin, K.A. Berteussen [25] and the bibliography available in it.
Modeling the source of disturbances
At a georadar research the device registers the signals received by the receiving antenna as a set of single routes in the form of the image radarogramma [26, 27] . To solve engineering problems, it is necessary to have the dependence of the signal amplitude on the depth of its reflection, and the original radarogram is the dependence of the signal amplitude on the travel time. On an other hand, it is necessary to clear the signal from various kinds of noise that hides the useful signal. For this purpose, we use frequency filtering, signal averaging, amplitude correction [17] to process radarograms.
To solve the inverse problem of GPR, it is necessary to know the time dependence of the signal entering the environment [15] . However, due to the complex interaction of the antennas with the medium, this function depends on the medium to which the signal goes. Therefore, existing georadars do not provide this kind of Р е п о з и т о р и й К а р Г У information before the soundings. In this paper it is proposed to determine the source function on the basis of test experiments conducted on a homogeneous medium.
We formulate a simplified mathematical model of GPR in the wave approximation [28, 29] . As it is common in geophysics, assume that the medium fills the half-space z > 0 and the half-space z < 0 corresponds to the air. Let the electrical permittivity ε of the medium depend on the coordinate z only, magnetic permittivity µ = µ 0 = const > 0 in the whole space and the conductivity is negligible. Let the current source with intensity
be placed at the boundary z = 0 and directed along the axis y. Then it follows from Maxwell's equations [6] , that the electromagnetic field depends on (z, t) only. The field has an electric component E 2 (z, t) along the axis y, and a magnetic component H 1 (z, t) along the axis x that satisfy the Cauchy problem:
We assume below µ(z) = µ 0 > 0. By taking first derivatives with respect to t from first equation and with respect to z from second one in (1) and eliminating ∂ 2 H 1 /∂t∂z we get:
The purpose of GPR studies is to determine the electrical properties of the medium. Within the framework of our model, we need to recover the specific permittivity function ε (z). As shown in [15] , knowledge of the source function Φ (t) allows to approximate the function c (z) based on measurements of the field strength on the surface of the medium. Further, according to the c (z) distribution is easy to compute the function ε (z).
Consider an environment in which the distribution of specific electrical conductivity is subject to the following representation
Here c 0 is the speed of propagation of the signal in the air, and c 1 -the speed of the radio signal in a homogeneous environment.
In [15] it is shown that in this case the distribution of the electric field in the medium E 2 (z, t) = U (z, t) is a generalized solution of the Cauchy (2)-(3). Then the solution of the problem is given by the formula:
It can be checked directly that the function E(z, t) is continuous anywhere and twice continuously differentiable in the half spaces 2 − = {(z, t) | z < 0, t ∈ }, 2 + = {(z, t) | z > 0, t ∈ } and its first derivatives at z = 0 are expressed as
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The last formula confirms that the second derivative E zz is represented as the singular function µ 0 Φ (t)δ(z) and a regular one. From formula (4) it follows that the field strength in the GPR problem of a homogeneous half-space is determined by the formula
In GPR studies, readings are taken from the receiving antenna. From formula (5) , it follows that the excitation signal generates a field with intensity (5) at the boundary of the medium. This field acts on the receiving antenna, causing alternating current in it. This means that the readings recorded by the device must be proportional to the function Φ(t).
Thus, before conducting a survey on the object under study, it is necessary to have the data obtained for a homogeneous half-space. This will determine the type of source function and use it for further interpretation. Next, the problem arises with approximation of a smooth function measured on a homogeneous half-space of data. As shown in [15] , a second derivative of the function Φ(t) is needed for further interpretation. Therefore, it is desirable to approximate the table-set measured data with a smooth function of a simple form, for example, the following:
When data is approximated, it is necessary to select the parameters ω, β, γ in function (6) .
The results of experimental studies
As part of the research project under contract No. 132 dated 12.03.2018, experimental studies were conducted in accordance with clause 8 of the calendar plan. To simulate a source of radiation emitted by Loza-V georadar, a site of a sand pit was selected, with a geoelectrical section was previously known. According to GPR data, namely additional information, the inverse problem of source modeling will be subsequently solved. For this purpose, experiments were conducted using different antennas. The expedition was done by The graphs of the traces and spectra of the radarograms will be carried out according to the algorithms given in [2] . Figure 3 shows the graphs of the paths and spectrum of radarograms obtained with a 1.5 m antenna at a frequency of 100 MHz. Radarogram is an ultra-wideband radio signal. As can be seen from the graphs, the main spectral components of the radarogram, which influence the amplitude of the signal, are located around the center frequency of the GPR antenna. The basic information about the subsurface environment lies in the amplitude of the signal corresponding to the time of receiving the signal. Experimental studies were conducted on the sandy LLP Bek , Серия Математика . № 2(94)/2019 133 Р е п о з и т о р и й К а р Г У located 30 km from Almaty city in the direction towards the city of Kapchagai. Experimental studies were conducted in a sand homogeneous medium at a site of 100 m 50 m, using the Loza-V georadar. 147 radarograms on 7 tracks were filmed, in increments of 0.2-0.25 meters using antennas with a sweep of 0.5 m; 1 m; 1.5 m. The length of the profiles in each case is 100. With antenna 3 m received three profiles. Finally, as a confirmation of the calculations, measurements were taken on a hill in which a cut of the medium is visible. Three profiles were received. As a result of the interpretation of the radarograms, a series of responses of the media were obtained, with the use of various antennas, which will be used to solve the inverse problem of source recovery (Table value) . A spectral analysis of the received radarograms using the software package was carried out.
Numerical results
By the formula (5), we determine
Here c 0 is the speed of propagation of the signal in the air c 0 = 0, 3 m ns , and c 1 the speed of the radio signal c 1 = 0, 122 m ns − 0, 15 m ns in a homogeneous environment in the sand m/ns, magnetic permittivity in the whole sand µ 0 = 1. Then, κ = − 0, 3 · 0, 15 0, 45 = −0, 1 m ns .
We present the data of the Loza-V GPR, in the form of Table 1 . Measurements were carried out with a 1.5 m antenna, frequency 100 MHz. The amplitude values of the signal are ALn1 = 0 ... 32768 ... 65535, the amplitudes of the time step are 0.5 ns.). We carry out data normalization in the range from 0 to 1, with this purpose we will divide all the data in Table 1 by the maximum amplitude value. The data obtained are shown in Table 2 . 
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